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Discrete-time Markov chain

Outline

@ Discrete-time Markov chain
@ Markov chain
@ Hidden Markov Model (HMM)
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Discrete-time Markov chain Markov chain

Markov chain

states Q@ = {1,2,..., N}, timeinstants t =1,2,..., T
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Discrete-time Markov chain

Example of Markov chain
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Discrete-time Markov chain Markov chain

Properties

Limited horizon

A Markov chain of order n uses the n previous states to predict the next

one
P(q: =jlqt—1 = i1, qt—2 = I, ..., Gt—n = in)

In a Markov chain of order 1, n = 1:

P(q: = jlgi—1 =)
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Discrete-time Markov chain Markov chain

Properties

Property of time invariant (stationary)

P(q: = j|qt—1 = i) is independent of time. A matrix A = {a;j} of
transition probabilities independent of time:

aij = P(q: = jlge—1 = i) = P(jli), 1<ij<N,

ajj 205 Vi7j7

N
> ai=1, Vi.
j=1
Vector m = {m;} with the probability of being an initial state:

mi = P(q1 = i), i > 0, 1<i<N,
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Discrete-time Markov chain Markov chain

Probability of a sequence

T-1
P(o1,02,...,07) = oy | | ororn
t=1

= P(q1 = 01)P(q2 = 02|q1 = 01)P(q3 = 03|q2 = 02) ... P(q7 = oT|q7-1 = 07_1)

In the example, the probability of a sequence of states
cloudy-sunny-cloudy-rainy (2, 3, 2, 1):

P(2,3,2,1) = P(2)P(3[2)P(23) P(1]2)
= Trp X az3 X aszz X aoi
:Ex0,2><071><0,2

3
= 0,00133333.
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Discrete-time Markov chain | Hidden Markov Model (HMM)

Hidden Markov Model (HMM)

@ In a Markov chain, each state corresponds in a deterministic way wi
a single observable event.

@ In a HMM a observation is a probabilistic function of the state
@ HMM is a doubly stochastic model, since one of the processes can
not be observed directly (it is hidden), but can only be observed
through another set of stochastic processes, which produce the

sequence of observations.
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Discrete-time Markov chain | Hidden Markov Model (HMM)

HMM example 1
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Discrete-time Markov chain | Hidden Markov Model (HMM)

HMM example 2

Box 1 Box 2 Box 3 Box N
P(color 1) = b11 P(color 1) = by P(color 1) = b3; ... P(color1) = by
P(color 2) = b1 P(color 2) = by P(color 2) = b3 ... P(color2) = by
P(color 3) = bi3 P(color 3) = by3 P(color 3) = b33 ... P(color3) = bps
P(color M) = byyy  P(color M) = bopy P(color M) = bspy ... P(color M) = byy
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Discrete-time Markov chain | Hidden Markov Model (HMM)

How is it related to PoS tagging?

@ boxes = tags

@ balls = words

@ sequence of balls = sentence
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Elements of a HMM

© Elements of a HMM
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Elements of a HMM

H = (m, A, B)

@ Q is the set of states {1,2,..., N}.
(N = size of the tagset)

Current state at time t is g;.
(time instant = positions of words).

@ V is the set of observable events {vi, vo,..., vy }.

(M= size of lexicon; each vj is a unique word).
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Elements of a HMM

H = (m, A, B)

o m = {m;}, initial states probabilities

7T,':P(q1:i), 7T,'20, 1§i§N

o A = {a;}, transition probabilities

a5 = P(qe = jlge_1 = i) = P(jli), 1<ij<N, 1<t<T

N
> ap=1, Vi.
j=1
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Elements of a HMM

H = (m, A, B)

o B = {bj(vk)} emision probabilities, i.e. emission parameter for an
observation (word) v; associated with state (tag) j

bj(vk) = P(or = vk|qe = j) = P(vkl)),

bi(vi) >0, 1<j<N, 1<k<M 1<t<T

Mz

bj(vk) = 17 VJ

T

1
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Elements of a HMM
HMM algorithms

@ Given O =(01,0,...,07) and u = (m, A, B)
How to compute n P(O|u) in an efficient way?
(the probability of the sentence O given the model 1)

@ Given O = (01,02,...,07) and u = (7, A, B)
How to determine the most likely sequence of states

S= (q17q27" ~;QT)?
(the most likely sequence of tags for a sentence)

@ Given O =(01,0,...,07)
How to estimate the model y that best explains P(O|y)?
(the PoS tagging model for a given genre of texts)
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Computing the probability of a sentence

Outline

© Computing the probability of a sentence
@ Forward algorithm
@ Backward algorithm
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Computing the probability of a sentence

Inefficient solution for P(O|u)

@ Input: O =(01,02,...,07)y u=(m A, B)
@ List all possible sequences of states of length T
The exist N7 different sequences S = (g1, G2, ..., qT)
P(S|i) = g, 3g1a0 3qaqs - - - A7 _1q7

P(OIS. 1) = HPor|qt, ) = bay(01) bau(02) .. . by (07)

P(O, S|u) = P(S|u) P(OIS, 1)

P(Olp) = ZP(S\M (OIS, )
o Inefficiency: (2T — 1)NT multiplications y N7 — 1 additions
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Computing the probability of a sentence Forward algorithm

Forward algorithm

ar(i) = P(01,02,...,0t, Gt = i),

@ Initialization:

@ Recurrency:

at+1(,f [Zat( aIJ] Ot+1) t:1727"’7T_17 ISJSN

© Termination:

O|,u ZO&T

Efficiency: O(N2T) operations
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Computing the probability of a sentence Forward algorithm

(a) Detail of the sequence of operations necessary for computing a+1(j)

(b) Trellis de T observations (words) and N states (tags)
@ (b) Observations

ol 02 03 oT

bj(ot+1) {g
)
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Computing the probability of a sentence Backward algorithm

Backward algorithm

/Bt(i) = P(Ot+17ot+27 .- -70T‘Qt =1, M)a

@ Initialization:
Br(i) =1, 1<i<N

©Q Recurrency:
Zauﬁmo i(0r41), t=T—1,T-2,...1, 1<i<N

© Termination:
P(Olu) = Zﬁl 01)

Efficiency: O(N2T) operations
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Computing the probability of a sentence Backward algorithm

Detail of the sequence of operations necessary for computing SB¢+1(/)
ot+1

bl(ot+1)

b2(ot+1)

DN b3(ot+1)
>

bN(ot+1)

t t+1

B () Bre1 @)
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Computing the most probable sequence of states

Outline

@ Computing the most probable sequence of states
@ Viterbi algorithm
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Computing the most probable sequence of states

Ineffective solution for P(S|O, i)

@ Selecting individually the most likely states (tags) for each time
instant (sentence position)

Ye(i) = P(qe = i|O, )

_ Plge=1,0lp) _ P(g:=1i,0lp) _  ae(i) Be(i)
P(Ou) N N
Z P(q: = J, Olp) Zat(j) Be())
j=1 j=1

@ Reconstructions of the most likely sequence:
* .
= arg max I 1<t T
g =arg max [(),  1<¢<

@ Inconsistency: it may happen that two states (tags) i and j appears
contiguously in the most likely sequence although a;; =0
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Computing the most probable sequence of states = Viterbi algorithm

Efficient solution for P(S|O, u): Viterbi algorithm

5t(l): max P(ql,q2,---,qt—1,qt:i,01,027---,0t|ﬂ),
41,02, Gt —1

0+(i) stores the probability of the best path ending in the state /, taking
into account the t first observations

der1(j) = |:1r£ia§XN5t(i) aij] bj(0t+1)

The sequence of states is constructed through a trace, which is stored in
the variables 1;(j), which recalls the argument that maximized this
equation for each instant t and for each state j.
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Computing the most probable sequence of states Viterbi algorithm

@ Inicialization:

@ Recurrency:

or41(j) = Lr<nia<xN5t(i) aij} bj(ot+1), t=1,2,...,T—1, 1<j<N.

wt-ﬁ-l(j):arglgiaSXNét(i)afj7 t:1727°"aT_15 1SJ§N

© Termination:

LA s7().
qr = arg max, (1)

© Backward construction of the sequence of states:

q; = Yer1(qiyq), t=T-1,T-2,...,1
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Computing the most probable sequence of states Viterbi algorithm

Observations (words)
vl vl vl vl v2 v2 vl v2

States (tags)

Time (sentence positions)
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Computing the most probable sequence of states = Viterbi algorithm

Operating example of the Viterbi algorithm

Given the model = (7, A, B) with  Q ={1,2,3}, V ={v1,wn},

0,25 0,25 0,25 0,50 0,50 0,50
=1 0,50 A=| 0 0,25 0,75 B=1|025 075
0,25 0,50 0,50 O 0,75 0,25

the calculations to find the most probable sequence of states given the
observation O = (vy, vi, v1, v1, va, V2, v, V) of length T = 8 are the
following ones:

inally g3 = 2 and the backward construction of the sequence of states
gives as a result S =(2,3,1,3,2,2,3,2)
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Computing the most probable sequence of states = Viterbi algorithm

Operating example of the Viterbi algorithm

Given the model = (7, A, B) with  Q ={1,2,3}, V ={wv,w},

0,25 0,25 0,25 0,50 0,50 0,50
m=1 0,50 A=| 0 0,25 0,75 B=|025 075
0,25 0,50 0,50 O 0,75 0,25

the calculations to find the most probable sequence of states given the
observation O = (v1, vy, v1, vi, V2, va, v1, v2) of length T = 8 are the
following ones:

52(1) = max [(51(1) ai, (51(2) a1, (51(3) 331] b1(V1) = (0, 25) (0, 50)2 (0, 75) ’lZJQ(l) =3
82(2) = max [61(1) a12, 81(2) a2, 61(3) as2] b2(v1) = (0,25)?(0,50) (0,75)  12(2) =3
82(3) = max [61(1) a13, 01(2) a23, 1(3) as3] bs(v1) = (0,25) (0,50) (0,75)% »(3) =2

inally g5 = 2 and the backward construction of the sequence of states
gives as a result S =(2,3,1,3,2,2,3,2)
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Computing the most probable sequence of states = Viterbi algorithm

Operating example of the Viterbi algorithm

Given the model = (7, A, B) with  Q ={1,2,3}, V ={wv,w},

0,25 0,25 0,25 0,50 0,50 0,50
m=1 0,50 A=| 0 0,25 0,75 B=|025 075
0,25 0,50 0,50 O 0,75 0,25

the calculations to find the most probable sequence of states given the
observation O = (v1, vy, v1, vi, V2, va, v1, v2) of length T = 8 are the
following ones:

63(1) = max [82(1) a11, 02(2) @21, 62(3) as1] b1(v1) = (0,25) (0,50)3 (0,75)%  w3(1) =3
63(2) = max [62(1) a12, 62(2) a, 62(3) as2] b2(v1) = (0,25)2(0,50)2 (0,75)2  3(2) =3
83(3) = max [62(1) a13, 02(2) a3, 62(3) a33] b3(v1) = (0,25) (0,50)3 (0,75)2  +3(3) =1

inally g5 = 2 and the backward construction of the sequence of states
gives as a result S =(2,3,1,3,2,2,3,2)
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Computing the most probable sequence of states = Viterbi algorithm

Operating example of the Viterbi algorithm

Given the model = (7, A, B) with  Q ={1,2,3}, V ={wv,w},

0,25 0,25 0,25 0,50 0,50 0,50
m=1 0,50 A=| 0 0,25 0,75 B=|025 075
0,25 0,50 0,50 O 0,75 0,25

the calculations to find the most probable sequence of states given the
observation O = (v1, vy, v1, vi, V2, va, v1, v2) of length T = 8 are the
following ones:

54(1) = max [53(1) aii, 53(2) a1, 53(3) a31] b1(V1) = (07 25) (0 )5 (0 )2 1/14(1) =3
84(2) = max [83(1) a12, 63(2) a2, 3(3) as2] b2(v1) = (0,25)% (0,50)* (0,75)% 4(2) =3
84(3) = max [63(1) a13, 03(2) ap3, 63(3) a33] b3(v1) = (0,25) (0,50)* (0,75)3  ¥4(3) =1

inally g5 = 2 and the backward construction of the sequence of states
gives as a result S =(2,3,1,3,2,2,3,2)
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Computing the most probable sequence of states = Viterbi algorithm

Operating example of the Viterbi algorithm

Given the model = (7, A, B) with  Q ={1,2,3}, V ={wv,w},

0,25 0,25 0,25 0,50 0,50 0,50
m=1 0,50 A=| 0 0,25 0,75 B=|025 075
0,25 0,50 0,50 O 0,75 0,25

the calculations to find the most probable sequence of states given the
observation O = (v1, vy, v1, vi, V2, va, v1, v2) of length T = 8 are the
following ones:

(0,75  ¢5(1)=3
(0,75)*  ¢5(2)=3
°(0,75)* y5(3)=1

55(1) = max [54(1) aii, 54(2) a1, 54(3) a31] bl(VQ) = (07 25) ( )6
65(2) = max [64(1) a12, 64(2) a2, 64(3) az2] b2(v2) = (0,25) (0,50)°
85(3) = max [84(1) a13, 04(2) a23, 34(3) as3] b3(v2) = (0,25)2 (0, 50)

inally g3 = 2 and the backward construction of the sequence of states
gives as a result S =(2,3,1,3,2,2,3,2)
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Computing the most probable sequence of states = Viterbi algorithm

Operating example of the Viterbi algorithm

Given the model = (7, A, B) with  Q ={1,2,3}, V ={wv,w},

0,25 0,25 0,25 0,50 0,50 0,50
m=1 0,50 A=| 0 0,25 0,75 B=|025 075
0,25 0,50 0,50 O 0,75 0,25

the calculations to find the most probable sequence of states given the
observation O = (v1, vy, v1, vi, V2, va, v1, v2) of length T = 8 are the
following ones:

86(1) = max [85(1) a11, 05(2) a21, d5(3) as1] b1(v2) = (0,25)% (0,50)7 (0,75)3 (1) =1
86(2) = max [65(1) a12, 95(2) an2, d5(3) az2] ba(v2) = (0,25)(0,50)° (0,75)°  6(2) = 2
86(3) = max [85(1) a13, 05(2) a23, J5(3) as3] bs(v2) = (0,25)%(0,50)% (0,75)° (3) =2

inally g5 = 2 and the backward construction of the sequence of states
gives as a result S =(2,3,1,3,2,2,3,2)
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Computing the most probable sequence of states = Viterbi algorithm

Operating example of the Viterbi algorithm

Given the model = (7, A, B) with  Q ={1,2,3}, V ={wv,w},

0,25 0,25 0,25 0,50 0,50 0,50
m=1 0,50 A=| 0 0,25 0,75 B=|025 075
0,25 0,50 0,50 O 0,75 0,25

the calculations to find the most probable sequence of states given the
observation O = (v1, vy, v1, vi, V2, va, v1, v2) of length T = 8 are the
following ones:

§7(1) = max [86(1) a11, 06(2) a21, d6(3) as1] b1(v1) = (0,25)2 (0,50)7 (0,75)° 7(1) =3
§7(2) = max [56(1) a12, 56(2) a22, 36(3) as2] b2(v1) = (0,25)3 (0,50)8 (0,75)° 7(2) =3
§7(3) = max [56(1) a13, 96(2) a23, J6(3) a33] bs(v1) = (0,25)?(0,50)% (0,75)" 7(3) =2

inally g5 = 2 and the backward construction of the sequence of states
gives as a result S =(2,3,1,3,2,2,3,2)
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Computing the most probable sequence of states = Viterbi algorithm

Operating example of the Viterbi algorithm

Given the model 1 = (7, A, B) with  Q ={1,2,3}, V ={wv,w},

0,25 0,25 0,25 0,50 0,50 0,50
m=1 0,50 A=| 0 0,25 0,75 B= 025 0,75
0,25 0,50 0,50 O 0,75 0,25

the calculations to find the most probable sequence of states given the
observation O = (v1, vy, v1, vi, V2, v2, v1, v2) of length T = 8 are the
following ones:

S8(1) = max [67(1) a11, 67(2) a21, 67(3) as1] b1 (v2) = (0,25)2 (0,50)7 (0,75)7 1bg(1) =3
68(2) = max [67(1) a12, 67(2) a2, 67(3) az2] b2(v2) = (0,25)2 (0,50)° (0,75)%  14g(2) =3
68(3) = max [57(1) ais, (57(2) azs, 57(3) 233] b3(V2) = (0, 25)3 (0, 50)8 (O, 75)5 ¢8(3) =1

Finally g5 = 2 and the backward construction of the sequence of states
gives as a result S =(2,3,1,3,2,2,3,2)
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Computing the most probable sequence of states = Viterbi algorithm

Viterbi algorithm applied to PoS tagging

word 1 word 2 word 3 word T

preposition adjective adjective numeral

tag 0 tag 0

pronoun

noun
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Computing the most probable sequence of states = Viterbi algorithm

Viterbi for HMM of order 2 (trigrams)

@ Inicialization:

© Recurrency:

6t+1(ja k) = |:1r2ia<XN5t(i7j) aijk:| bk(ot+l)7 t= 2737' ) T_17 1 SJ) k

qzz)t+1(jak):arglgiagxlvét(i7j)aijk7 t:2737"'7T717 1§./5ng

© Termination:

* *) = 57(j. k).
(97-1,97) arg, max 70, k)

@ Backward construction of the sequence of states:

q: :wt+2(q:+l7q:+2)’ t=T-2,T-3,...,1
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Computing the most probable sequence of states = Viterbi algorithm

Viterbi algorithm with logarithms and additions

@ Inicialization:
01(i) = log [61(/)] = #i+bi(01), 1<i<N.
©Q Recurrency:

gt+1(j) = log[0r+1(Jj)] = |:1r£iaSXN[gt(i)+§ij]] + j(of+1)7 t=1,2,...,T-

Ye1() = arglganN[ét(i)—i—é,-j], t=1,2,....,T—1, 1<j<N.

© Termination:
* — arg max 67(i).
qr glgigN 7(i)
© Backward construction of the sequence of states:

a =Ver1(gi1), t=T-1,T—-2,...,L
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Parameter estimation

Outline

© Parameter estimation
@ smoothing
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Parameter estimation
Supervised parameter estimation

o Tagged corpus

@ maximum likelihood parameter estimation:

number of sentences starting by tag t'

= number Of sentences
C(t't)
ajj = —(—7 v
C(t")
_ C(wr | ¥)

bj(Wk) - C(tj)
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Parameter estimation smoothing

Smoothing

Phenomena that do not appear in the training corpus give rise to zeros:
we need to smooth the parameters.
Smoothing is what makes the difference in performance between

probabilistic taggers.
@ Laplace (add-one)
@ Good-Turing
@ Interpolation
@ Backoff
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Parameter estimation smoothing

Laplace smoothing (add-one)

@ Add 1 to every "count” P(x) = % where x is a token (word, tag,
bigram (of words or tags), trigram, ...) and N is the total number of
tokens in the corpus.

C(x)+1
N+V
where V is the size of the lexicon of tokens

PLaplace(X) =

o Alternatively:
N

N+ V
@ Drawback: when V is large ans/or N is small, too muck probability
mass is derived to low-probability tokens (including unseen tokens)

C*(x) = (C(x) + 1)
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Parameter estimation smoothing

Good-Turing smoothing

@ Use the "counts” of the tokens that have been observed only once to
estimate the counts of those tokens who have never been observed

@ Generalize this reasoning to the tokens observed ¢ times

@ N, is the number of tokens (tags, bigrams, ...) with "count” c:
Ne= > 1
x:C(x)=c

@ Replace the count ¢ by hte smoothing count c*

Nc+1
N

c"=(c+1)

@ In practice, Ny is approach by means of N, c* is only used for small
values of ¢, and approximations are performed when N.11 =0
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Parameter estimation smoothing

Interpolation

P(z | x,y) = MP(z | x,y) + XaP(z | y) + A3P(2)

doAi=1

Issue: how to compute suitable values for \;
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Parameter estimation smoothing

Backoff

P*(z | x,y) if C(x,y,z)>0
Pkatz(Z|Xa.y): O‘{(va) Pkatz(2|}/) else if C(y,Z)>0
P*(z) otherwise
_J Pzly) if C(y,z) >0
Praz(7 | v) = { a(y) Prat(z)  otherwise

where P* are smoothed probabilities a /a Good-Turing and the values of «
must guarantee that the total probability mass sums up 1.
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Unknown words

Outline

© Unknown words
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Unknown words
Unknown words

@ The probability of issuing an unknown word f .../, with tag t is
determined based on their endings

P(/,,,,'Jrl, ceey /,,)P(t’/n,,'+1, ceey /n)
P(t)

P(/n—i+17 Ceey /n’t) =

) II‘I) + 61' P(t|/nfl.+2) R /n)
1+ 6;

p tl* P
P(t|lh—it1y---s1n) = P(t|Ih—it1

C(ta /nfi+17 ] /n)
Cll—it15---+1n)

ﬁ(t“n—i-i—l? LR /n) =
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Unknown words

Suffixes trie

Possible tags for each suffix are determined from the trie created from
suffixes

no Wn Dfp, Scfp,Afpo
requiere V3spi0 *
conocj'miento Scms ......................................
sobre P R /
las Dfp //
funciones Scfp ..... vasplo ........................
suplementarias AfpO i
de P

..... IECEOTL FUNERRN JURTIEES

u
V3spi0
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Unknown words
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